 ( 
1)
$|\alpha-\frac{p}{q}|<\frac{1}{q^{\kappa}}$ has only finitely many solutions in integers $p,$ $q(q>0)$ . This is best possible in the sense that for every irrational number $\alpha$ , whether algebraic or not, there are infinitely many integers $p,$ $q(q>0)$ satisfying (1) with
It is well known that the theorem of Liouville for algebraic numbers has an analogue in algebraic function fields and, as was shown by K. Mahler [2] , the analogue of Liouville's theorem for algebraic functions cannot be improved, in general, if the field of constants is of positive characteristic. On the other hand, the present author [6] has pointed out that it is possible to obtain an analogue of the theorem of Roth in algebraic function fields with the constant field of characteristic $0$ . The result is known to be the best possible of its kind.
The purpose of the present paper is to give a full account of general theorems on the approximation to algebraic functions by rational functions, with an arbitrary field of constants. A particular case of some of our results presented here has been treated by Mahler [2] and by the writer [6] as a supplement to Mahler's paper [2] . 
then we have, on account of (2) , Thus it suffices to put
This proves the first part of Theorem 1, (ii).
To prove the second part of Theorem 1, (ii), let $\chi>0$ be the characteristic of $K$ and consider the element $\alpha=\tau+\tau^{\chi}+\tau^{\chi 2}+\cdots$ of $ K\langle\tau\rangle$ . We have $\alpha=\tau+(\tau+\tau^{\chi}+\cdots)^{\chi}=\tau+\alpha^{\chi}$ , and so $\alpha$ is a root of the algebraic equation
completing the proof of our assertion. Let $P(x_{1})$ be a polynomial in $M_{1}$ and let $p_{1},$ $q_{1}\neq 0$ be any elements of
is the index of $P$ at $(p_{1}/q_{1})$ with respect to $(r_{1})$ , then we have
whence the required result.
After the manner of Roth's method [5] , we can prove, using generalized Wronskians defined over $K(t)$ , the following inductive lemma: is an integer and that the present lemma holds for $m=\mu-1$ . We have, by Lemma 1 again, $ I_{1}(h_{1}^{\delta lr_{1}} ; h_{\mu} : lr_{\mu})<\delta$ and, using the induction hypothesis, $I_{\mu-1}(h_{1}^{\delta lr_{1}} ; h_{1}\cdots, h_{\mu-1} ; lr_{1}, \cdot , ., lr_{\mu-1})<\eta(\mu-1, \delta)$ . . This is a slightly sharpened form for the corresponding lemma of Roth [5, Lemma 8], a very simple proof of which is given by J. W. S. Cassels [1] .
Lemma 5
be an element of $ K\langle t^{-1}\rangle$ satisfying the equation
(ii) Let $\alpha=\alpha(t)$ be an element of $ K\langle\tau\rangle$ satisfying the equation (7). 6 . Construction of approximation polynomials. Let $\alpha=\alpha(t)\neq 0$ be an integral algebraic function of degree $n$ over $K(t)$ , i.e. one which satisfies an algebraic equation
Let $p_{1}=p_{1}(t),$ $\cdots,$ $p_{m}=p_{m}(t),$ $q_{1}=q_{1}(t),$ $\cdots,$ $q_{m}=q_{m}(t)$ be any elements of It follows from Lemma 7 that $|q|$ is not bounded when $(p, q)$ runs through the elements of $E$ , and so we may suppose that $\alpha$ is an integral algebraic function. For, if not, there is a (non-zero) polynomial $a=a(t)$ in $K[t]$ such that $ a\alpha$ is an integral algebraic function, and for arbitrary $\epsilon>0$ and for all $(p, q)$ in $E$ with sufficiently large $|q|$ $0<|a\alpha-\frac{ap}{q}|<|a|\cdot|q|^{-\kappa}<|q|^{-\kappa+\epsilon}$ , where $\epsilon$ can be chosen so small that
We take an integer $m$ so large that $m>n(2m)^{*}$ and $\frac{2m}{m-n(2m)^{g}}<\kappa$ , which is possible since $\kappa>2$ . Let $\delta$ be a sufficiently small positive number satisfying the conditions (8) and (9), and the inequality $\frac{2m(1+\delta)+2\delta(1+\delta)}{m-(1+2\delta)n(2m)^{g}-2\eta}<\kappa$ , which is equivalent to (14) $\frac{m(1+\delta)+\delta(1+\delta)}{\gamma-\eta}<\kappa$ .
We now choose a solution with the properties listed in Lemma 6. On one hand, we have $|Q(q_{1}/q_{1}, \cdots, p_{m}/q_{m})|\geqq h_{1}^{-r_{1}}\cdots h_{m}^{-r_{m}}>h_{1}^{-mr_{1}(1+\delta)}$ .
On the other hand, we find that $Q(p_{1}/q_{1}, \cdots, p_{m}/q_{m})=\sum_{i_{1}=0}^{r_{1}}\cdots\sum_{i_{m}=0}^{r_{m}}Q_{i_{1}\cdots i_{m}}(\alpha, \cdots, \alpha)$ .
$(p_{1}/q_{1}-\alpha)^{i_{1}}\cdots(p_{m}/q_{m}-\alpha)^{t_{m}}$ , whence $|Q(p_{1}/q_{1}, \cdots, p_{m}/q_{m})|\leqq B_{1}^{1+\delta}$ max
where the maximum is taken over all integers $i_{1},$ $\cdots,$ $i_{m}$ satisfying the
and so $|Q(p_{1}/q_{1}, \cdots, p_{m}/q_{m})|\leqq h_{1}^{\delta(1+\delta)r_{1}-r_{1}(\gamma-\eta)\kappa}$ Combining these estimates for $Q(p_{1}/q_{1}, \cdots, p_{m}/q_{m})$ , we obtain $h_{1}^{-r_{1}m(1+\delta)}\leqq h_{1}^{\delta(1+\delta)r_{1}-r_{1}(\gamma-\eta)\kappa}$ , or $\kappa\leqq\frac{m(1+\delta)+\delta(1+\delta)}{\gamma-\eta}$ , which contradicts (14) . This completes the proof of Theorem 2, (i).
Proof of Theorem 2, (ii)
. We require the following Lemma 8. Let
be an arbitrary element of
and let
If not, we would have $|p_{1},$ $q_{1}|^{-2}\leqq|p_{1}q_{2}-p_{2}q_{1}|_{\tau}=|(p_{1}-q_{1}\alpha)q_{2}-(p_{2}-q_{2}\alpha)q_{1}|_{\tau}<|p_{1},$ $q_{1}|^{-\iota}$ , which is impossible since $\kappa>2$ . Now, let $\alpha=\alpha(t)\neq 0$ be any element of $ K\langle\tau\rangle$ algebraic of degree $n$ over $K(t)$ . Suppose that Theorem 2, (ii) is false, so that for some $\kappa>2$ , the inequality (6) has infinitely many solutions $p=p(t),$ $q=q(t)$ in $K[t]$ with $(p, q)=1$ . Denote by $M$ the set of all such solutions $(p, q)$ of (6) . It follows from Lemma 8 that $|p,$ $q|$ is not bounded when $(p, q)$ runs through the elements of $M$ , and so we may suppose again that $\alpha$ is an integral algebraic function. For, if not, there is a (non-zero) polynomial $a=a(t)$ in $K[t]$ such that $ a\alpha$ is an integral algebraic function, and for arbitrary where 6 can be chosen so small that
The rest of the proof of Theorem 2, (ii) is quite similar to that of (i). We take $m$ and $\delta$ to satisfy the conditions (8) and (9) and the inequality (14 
We see that
Hence, we can determine, just as in the above, the coefficients $a_{0},$ $a_{1},$ $\cdots$ , This is an analogue for rational functions of a theorem of Mahler [3] . To prove Theorem 8, apply Theorem 4 with $\mu=1-\delta$ , $\nu=0$ , $C=|$ a $|^{\delta}+1$ , 
